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Theorem 2. 1 (Fe.mat )
$a,$ $n\in \mathrm{N}$ , (a, $n$ ) $=1$
$n$ $\Rightarrow a^{n-1}\equiv 1$ (mod $n$)
Fermat $a^{n-1}\equiv 1$ (mod $n$) $n$
$a^{n-1}\equiv 1$ (mod $n$ )
$a$ $n$ $nl$’t $a$
$a$ $a^{n-1}\equiv 1$ (mod $n$) $n$
$n$ $a$
$a$ $n$ (Carmichael )
Fermat
Lemma 2.2
$a\in \mathrm{Z},$ $n$ \in N, $n\geq 2$ , (a, $n$ ) $=1$





$n$ $n$ $q($ \neq 1, $n)l\vec{-}\text{ }\mathrm{A}\backslash \tau$ $q^{k}||.n\text{ ^{}\backslash }\backslash \text{ _{ }}$
$X^{q}$ $(\begin{array}{l}r\iota q\end{array})a^{n-q}$ $q^{k}\lambda(\begin{array}{l},lq\end{array})\hslash\backslash ’\supset(a, q)=1\mathrm{e}$L $\text{ _{ }}q^{k}\mathit{4}(\begin{array}{l}.nq\end{array})a^{n-q}$
$n$ $(X+a)^{n}\not\equiv X^{n}+a$ (mod $n$ ) $\text{ }fp\text{ }$ Q $\blacksquare$
Lemma2.2 $(\cross.\cdot\cdot)$
$(’\cross’.\cdot)$ $n$
$(X+a)^{n}\equiv X^{n}+a$ (mod $X^{t}$ . $-1,$ $n$ ) $\ldots$ ( )
,. ( )
$X^{r}.-1$ ( ) $n$ $a$
$n$
AKS
$r$ $a$ ( )
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: $n(>1)$
Step.l $n=a^{b}$ (a, $b\in \mathrm{N},a$ , $b>1\dot{)}$ $n$
Step.2 $o_{r}(n)>4(\log n)$ 2 $r$
( $o_{r}($n) $:=(\mathrm{Z}_{r})$ ” $n$ )
Step.3 $\exists_{a}\leq r$ $s$ .t. $1<(a, n)<n$ $n$
Step.4 $n\leq r$ $n$ $\circ$
Step.5 $\forall_{a}\in$ $\{1,2, \cdots, \lfloor 2\sqrt{\varphi r})\log n\rfloor\}$






$o_{r}(n)>4(\log n)$2 $r\leq\lceil 16(\log n)^{5}\rceil$
proof.
$m$ $LCM$(m) $m\geq 7$ $LCM(m)\geq$
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2“ ([3]) r $\leq\lceil$16 $(\mathrm{l}0\mathrm{g}n)^{5}\rceil$ $\mathit{0}_{\tau}.(n)\leq 4(\mathrm{l}\mathrm{o}\mathrm{g}’.\iota)^{2}$
$r|(n^{o_{r}(n)}-1)$
$LC^{l} \Lambda f(\lceil 16(\log|n)^{5}\rceil)\leq[4(1\mathrm{o}\mathrm{g}n)^{\mathrm{o}}\rfloor\prod_{i=1}^{\sim}(n^{i}-1)<\prod_{j=1}^{\lfloor 4(1\mathrm{o}\mathrm{g}\nu \mathrm{t})^{\gamma}\rfloor}.rl$4(log $\prime r\iota$) $2\leq n^{16(\log n)^{4}}\leq 2^{\lceil 16(\log n})\mathrm{s}\rceil$
{ $LCM(\lceil 16(\log n)^{5}\rceil)\geq\eta_{\lrcorner}\lceil 1\log n)^{5}\rceil$ [ $o_{r}(n)>4(\log n)$ 2
$r\leq\lceil 16(\log n)^{5}\rceil$ $\blacksquare$
Prop 3.2
$n$ $a\in$ $\{1,2, \cdots, l\}$ $(l:=\lfloor 2\sqrt{\varphi \mathrm{r}}\log n\rfloor)$ ( ) $n$
PrOp3.2 Step.l
$n$
$\forall_{a}\in$ $\{1,2, \cdots, l\}$ $(l:=\lfloor 2\sqrt{\varphi r}\log n\rfloor)$ ( )
$p$ $n$ $h$ (X) $\frac{-\mathrm{Y}^{r}-1}{X-1}$ Fp
$\mathcal{G}:=\lceil \mathrm{F}_{p}[X]/$( $h$ (X)) $(X+1),$ $\cdots,$ $(X+l)$





|i, $j\in \mathrm{Z}\geq 0$ } $\forall_{a}\in$ $\{1, ?_{\sim}, \cdots,l\}$ $m\in I$
$(X+a)^{m}\equiv X^{rr\iota}\cdot+a$ $(\mathrm{m}\mathrm{o}\mathrm{d} X^{r}-1,p)$
proof.
$(X+a)^{n}$ $\equiv$ $X^{n}+a$ $(\mathrm{m}\mathrm{o}\mathrm{d} X^{r}$
.
$-1,p)$
$(X+a)^{p}$ $\equiv$ $X^{p}+a$ $(\mathrm{m}\mathrm{o}\mathrm{d} X^{r}-1,p)$
$m’,m$”
$\{$
$(X+a)^{m}’\equiv X^{m’}+a$ (mod $X^{r}-1,p$ )
$(X+a)^{m}"\equiv X^{m^{JJ}}+a$ $(\mathrm{m}\mathrm{o}\mathrm{d} X^{r}-1,p)$
$(X+a)^{mm’’}’\equiv$ $(Xm’+a)^{m^{JJ}}$ (mod $X^{r}-1,p$)
$(X^{m’}+a)|n’’$ $\equiv$ $X^{m’m’’}+a$ $(\mathrm{m}\mathrm{o}\mathrm{d} X^{m’r}-1,p)$
$\Rightarrow(X^{m’}+a)m’’$ $\equiv$ $X^{m’m^{ll}}+a$ $(\mathrm{m}\mathrm{o}\mathrm{d} X^{r}-1,p)$
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$(X+a)^{m’m’’}.\equiv X^{m’n\iota’}’+a$ $(\mathrm{m}\mathrm{o}\mathrm{d} X^{r}-1, p)$
$\forall_{m}\in I$ $(X+a)^{m}\equiv X^{m}+a$ (mod $X^{f}-1,p$)
$\blacksquare$
Lemma3.3 $f(X) \in\{\prod_{a=1}^{l}(X+a)^{e_{a}}|e_{a}\in \mathrm{Z}\geq 0\}$ $m\in I$
$(f(x))^{m}\equiv f(x^{m})$ $(\mathrm{m}\mathrm{o}\mathrm{d} X^{r}-1,p)$
$f$ (X)
$G:=$ {nipj mod $r|i,j\in \mathrm{Z}\geq 0$ }, $t:=|G|$
Lemma 3.4
$|\mathcal{G}$ [\geq C 2)
proof.
$l$





$=$ $(g(X))^{m}$ $(m\in I)$
$\Rightarrow f$ (X$m$ ) $=$ $g(X^{m})$
$f(\mathrm{Y})-g\dot{(}Y)\in$ ( $\mathrm{F}_{p}[_{\wedge}\mathrm{Y}]/(h$ (X)))[Y] $\forall_{m}\in G$ $X^{m}$ $f(\mathrm{Y})-g(\mathrm{Y}’)=0$
$\deg(f(\mathrm{Y})-g(\mathrm{Y}))\geq|G|=t$
$\deg(f(\mathrm{Y})-g(Y))<t$ $\backslash$ $\mathcal{G}$ $f(X)\neq g(X)$








$\hat{I}:=\{n^{i}p^{j}|i,j\in \{0,1, \cdots, \mathrm{L}\sqrt{t}\rfloor\}\}$ $n$ $p$
$|\hat{I}|=(\lfloor\sqrt{t}\rfloor+1)^{2}>$
$t=|G|$ $\prime m_{1}\equiv m_{2}$ (nuod $r$ ) $m_{1},$ $m_{2}\in\hat{I}$
$m_{1},m_{2}$ ( $f$ (X))m’ $\equiv f(X^{m_{1}})\equiv f(X^{m_{2}})\equiv(f(X))^{m_{2}}$ (mod $X^{r}-1,p$)
$\mathrm{P}_{p}[X’]/$ ( $h$ (X)) $f(X^{m_{1}})=f$ (Xm2)
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C 2) $> \frac{n\cdot\sqrt{t}}{2}$
,
proof.
$t=|G|>o_{r}(n)=4(\log n)$ 2 $t>\lfloor 2\sqrt{t}1$og n\rfloor
$l=\lfloor 2\sqrt{\varphi(r}1$og $n\rfloor\geq\lfloor 2\sqrt{t}1$og n\rfloor
$(\begin{array}{l}t+l-2t-1\end{array})$ $\geq$ $\{$
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